Introduction
In his article 'Cohomology of Algebraic Varieties' [2] , V.I.Danilov makes the following remark in the context of Serre's GAGA: '... the cohomology theory of coherent sheaves on algebraic varieties and analytic spaces is similar. One may even be tempted to say that the classical topology provides no new information for coherent sheaves. Srictly speaking this is obviously not true -there are many more entire functions on C n than polynomials. Presumably the theories will indeed coincide if we impose growth conditions at infinity. ' And indeed the theorems of Malgrange [3] and Palamodov [6] describing the module structure of the spaces D and E ′ of compactly supported smooth functions and distributions on R n are instances of this. These spaces are flat modules over the ring A = C[∂ 1 , . . . , ∂ n ] of constant coefficient partial differential operators, and their Fourier transforms which are entire functions on C n are characterised precisely by the growth conditions of Paley-Wiener at infinity. Thus tensoring by the C[ξ 1 , . . . , ξ n ]-submodule of the module of entire functions given by the Fourier transforms of the elements of D or of E ′ does not change cohomology. In the same vein is the result that the Schwartz space S is a flat A-module. The Fourier transform of S is S, and this space of smooth functions characterised by rapid decay at infinity, is again an instance of Danilov's remark and can be construed as a GAGA type result for the affine space R n . Questions such as these also arise in the theory of control of dynamical systems where flatness guarantees the existence of a potential for every system [10, 11] .
In this paper I show that the projective limit ← H = lim ← H s as well as the inductive limit → H = lim → H s of the L 2 -Sobolev spaces are flat A-modules. Here again the Fourier transforms of the elements of ← H, as well as that of → H, are functions with growth conditions at infinity, and they can therefore be considered, in the light of Danilov's remark, as other examples of GAGA type results for R n .
Preliminaries
Let F be an A-module. To say it is flat is equivalent to saying that solutions in F of a system of simultaneous linear equations with coefficients in A can be expressed as linear combinations of solutions in A, or in other words that every F-kernel is an F-image [5] . Hence if P (∂) is an l × k matrix with entries in A, then the A-module morphism that it defines
has the property that its kernel, Ker F P (∂), equals the image, Im F P 1 (∂), of the morphism
where the k 1 columns of P 1 (∂) generate all relations between the k columns of P (∂) so that P (∂)P 1 (∂) = 0, and P 1 (∂) is maximal with respect to the right annihilators of P (∂). Thus
is exact. On the other hand, an A-module F is injective precisely when every F-image is an F-kernel, so that if the l 1 rows of P −1 (∂) generate all relations between the l rows of P (∂), then
is exact. The classical theorems of Malgrange-Palamodov assert ◻ Given a system P (∂) ∶ F k → F l , its kernel Ker F P (∂) depends only on the submodule P of A k generated by the rows of P (∂) − in fact this kernel is isomorphic to Hom A (A k P, F) − and will therefore also be denoted by Ker F P. Given this kernel, one can in turn consider the submodule P of A k consisting of all elements p(∂) such that the kernel of the morphism p(∂) ∶ F k → F contains Ker F P. P contains P and is the largest submodule of A k whose kernel equals Ker F P. Call this submodule the closure of P with respect to F, and call P closed with respect to F if it equals its closure. This is completely analogous to the familiar Galois correspondence between ideals and varieties. The notion of closure here is analogous to the radical of an ideal, and its calculation is analogous to the Hilbert Nullstellensatz. This calculation for the case at hand is Theorem 2.2 (The Nullstellensatz for Systems of PDE) [8] : (i) The closure of a submodule P of A k with respect to D, E ′ or S equals P = {p(∂) ∈ A k a(∂)p(∂) ∈ P for some nonzero a(∂) ∈ A}, so that P is closed with respect to these spaces if and only if A k P is torsion free. 
is a kernel if and only if
A l P t is torsion free. (ii) The kernel of P (∂) ∶ (S ′ ) k → (S ′ ) l is
an image if and only if the varieties of the nonzero associated primes of A k P do not contain purely imaginary points (where as before P is the submodule of
is an image if and only if A k P is torsion free. ◻
In the following I show that the projective limit ← H = lim ← H s as well as the inductive limit
Flatness is an algebraic property, and is independent of any topology that one might endow ← H and → H with. Nevertheless, it turns out that in order to prove flatness it is necessary to topologise ← H with the projective limit topology and → H with the inductive limit topology. The first step in the argument is a Nullstellensatz type result for the A-modules ← H and → H.
The argument
For every s in R, the Sobolev space H s in R n of order s is the space of temperate distributions f whose Fourier transformf is a measurable function such that Proof: Let F be either → H or ← H. As P ⊂ P, Ker F P ⊂ Ker F P. Suppose now that these two kernels are not equal, so that there is an f in Ker F P but not in Ker F P. This means that there is a p(∂) in P ∖ P such that p(∂)f ≠ 0. By definition, there is a nonzero a(∂) in A with a(∂)p(∂) in P, which implies that a(∂)p(∂)(f ) = 0. Taking Fourier transforms, it follows that a(ξ)( p(∂)f ) = 0, so that p(∂)f is a measurable function whose support is contained in the real variety of the polynomial a(ξ), a set of measure zero. Hence p(∂)f = 0, in contradiction to the assumption above.
It remains to show that P is the largest submodule whose kernel equals Ker F P. Towards this let P (∂) be any matrix whose rows generate P, and let P 1 (∂) be, as in the preliminary section, the matrix whose columns generate all relations between the columns of P (∂), so that P (∂)P 1 (∂) = 0. If one now considers the module of all relations between the rows of P 1 (∂), then this submodule is precisely P, and not larger, because A k P is torsion free (for instance [8] ). Thus if p(∂) ∉ P, then p(∂)P 1 (∂) ≠ 0, which implies that the F-image of P 1 (∂) is not contained in Ker F p(∂). But P (∂)P 1 (∂) = 0 implies that the F-image of P 1 (∂) is contained in Ker F P. Thus Ker F p(∂) does not contain Ker F P = Ker F P, and so P is indeed the largest submodule of A k whose F-kernel equals that of P. ◻
The rest of the paper is dedicated to showing that ← H and → H are flat A-modules, that is to showing that the ← H or → H-kernel of any system P (∂) equals an image, in fact the ← H or → H-image of the system P 1 (∂) whose columns generate all relations between the columns of P (∂). As the ← H or → H-kernel of the submodule P of A k generated by the rows of P (∂) equals the ← H or → H-kernel of its closure with respect to either of these spaces, it follows in the light of the above proposition that it can be assumed that A k P is torsion free. Given such a P (∂), and the corresponding P 1 (∂), the S-kernel of P (∂) equals the S-image of P 1 (∂), S being flat. By Corollary 2.1 (ii), so also is the S ′ -kernel of P (∂) equal to the S ′ -image of P 1 (∂), for A k P being torsion free, its only associated prime is 0. Thus in the diagram of A-modules below
the top and bottom rows are exact, and the question now is whether the middle two rows are also exact.
To answer this question I need to consider appropriate topologies, locally convex vector space topologies, on these A-modules with respect to which differentiation is continuous. So let S be endowed with its usual Fréchet topology with respect to which its dual is S ′ . Endow S ′ with its weak topology σ(S ′ , S) so that its dual is S. S is dense in σ(S ′ , S). S is also dense in both ← H and → H equipped with the projective and inductive limit topologies respectively. The first step is the following observation.
Proof: By the Sobolev Embedding Theorem
Let {K i , i ∈ N} be an exhaustion of R n by compact sets such that K i is contained in the interior of K i+1 . Let ρ i be a smooth function which is identically 1 on K i and whose support is contained in K i+1 . Then ρ i g has compact support and is hence in (
The proof for → H is similar. Again by Corollary 2.1 (ii)
Approximating this g, now by elements of E ′ which are dense in the inductive limit topology of → H, concludes the proof just as above. ◻ Thus to prove exactness of the middle rows of the diagram (1), it is sufficient to prove that the images Im← H P 1 (∂) and
is equivalent to showing that the morphisms
Towards this I need the following standard results. [1] ): Let E and F be two locally convex spaces and f ∶ E → F a continuous linear mapping from E into F. In order that f be a strict morphism it is necessary and sufficient that the following condition be satisfied: for every continuous seminorm p on E which is null on the kernel of f , there exists a continuous seminorm q on F such that p ⩽ q ○ f . ◻ 
Proposition 3.3 (Bourbaki
defined by the transpose of P 1 (∂ 
For such a seminorm the above inequality can be made an equality.
Proof: By definition, the columns of P 1 (∂) generate all relations between the columns of P (∂), so that the rows of P t 1 (∂) generate all relations between the rows of P t (∂). As A is an integral domain, this implies that A k P t 1 is torsion free, where P t 1 is the submodule of A k generated by these rows of P t 1 (∂). Thus the kernel of the morphism P
l , and hence P (∂)s = 0. By exactness of the bottom row of the diagram (1), s equals P 1 (∂)t for some t in S
Consider next the subspace → H of S ′ , and the sequence ( → H)
, and therefore its dual with respect to the subspace topology, i.e. the topology it inherits from σ(S ′ , S), is also S. k → ( ← H) k 1 are strict even when → H has the inductive limit topology and ← H the projective limit topology. The arguments for the two cases are similar, and for the sake of concreteness I write out the argument for the first, pointing out the changes necessary for the second.
Towards this, the q t in the above corollary must be chosen carefully, the idea being the following: suppose q t is the guage of the closed balanced convex set U . Consider the intersection U 0 of U with the closure of Im → H P t 1 (∂), and let U 1 be a closed balanced convex set, maximal with respect to inclusion, whose intersection with the closure of Im → H P t 1 (∂) is also U 0 . Let q be the guage of U 1 . Then Corollary is 3.1 still true with q t replaced by q, and further as shown below, the value of q can be estimated not just on the image of P 
